All cubic couplings in type IIB supergravity on AdS 5 ϫS 5 that involve two scalar fields s I that are mixtures of the five form field strength on S 5 and the trace of the graviton on S 5 are derived by using the covariant equations of motion and the quadratic action for type IIB supergravity on AdS 5 ϫS 5 . All corresponding three-point functions in SYM 4 are calculated in the supergravity approximation. It is pointed out that the scalars s I correspond not to the chiral primary operators in the Nϭ4 SYM but rather to a proper extension of the operators.
I. INTRODUCTION
According to the AdS-conformal field theory ͑CFT͒ correspondence ͓1-3͔, the generating functional of Green functions in Dϭ4, Nϭ4 supersymmetric Yang-Mills theory (SYM 4 ) at large N and at strong 't Hooft coupling coincides with the on-shell value of the type IIB supergravity action on AdS 5 ϫS 5 . For this reason, to calculate an n-point Green function one has to know the supergravity action up to the nth order. In particular, the normalization constants of two-and three-point Green functions ͓4-25͔ are determined by the quadratic and cubic actions for physical fields of supergravity.
The particle spectrum of type IIB supergravity on AdS 5 ϫS 5 ͓26,27͔ contains scalar fields s I that are mixtures of the five form field strength on S 5 and the trace of the graviton on S 5 . The transformation properties of the scalars with respect to the superconformal group of SYM 4 allow one to conclude that they correspond to chiral primary operators ͑CPOs͒ of SYM 4 . In ͓12͔ the quadratic and cubic actions for the scalars s I have been found and used to calculate all three-point functions of normalized CPOs. These three-point functions appeared to coincide with the three-point functions of CPOs computed in free field theory for generic values of conformal dimensions of CPOs. However, there is an apparent contradiction. As was noted in ͓28͔ ͑see also ͓25͔͒ a three-point function of CPOs calculated in the AdS-CFT framework vanishes, if the sum of conformal dimensions of any of the two operators equals the conformal dimension of the third operator, because of the vanishing of the cubic couplings of the corresponding scalar fields. Thus we are forced to conclude that the scalars s I used in ͓12͔ cannot correspond to CPOs. Another way to come to the conclusion is that the scalars from ͓12͔ do not coincide with the original scalars that are mixtures of the five-form and the graviton but depend nonlinearly on the original scalars and their derivatives. Thus the scalars used in ͓12͔ do not transform with respect to the superconformal group in a proper way and cannot correspond to CPOs.
In this paper we show that a scalar s I used in ͓12͔ corresponds to an operator which is the sum of a CPO and nonchiral composite operators. The non-chiral operators are normal-ordered products of CPOs and their descendants, i.e., so-called double-and multi-trace operators.
The knowledge of correlation functions of the chiral primary operators allows one to compute correlation functions of all their descendants, in particular, the correlation functions of the stress energy tensor and R-symmetry currents. To compute four-point functions 1 of the chiral operators one has to know the s I -dependent quartic terms and all cubic terms that involve two scalar fields s I . In the present paper, as the first step in this direction, we determine all such cubic terms. It is sufficient to consider only the sector of type IIB supergravity that depends on the graviton and the four-form potential. There are four different types of vertices describing interaction of two scalars s I with symmetric tensor fields of the second rank coming from the AdS 5 components of the graviton, with vector fields, with scalar fields coming from the S 5 components of the graviton, and with scalar fields t I that are mixtures of the trace of the graviton on the sphere and the five form field strength on the sphere. To this end we apply an approach similar to the one used in ͓12͔. Namely, we use the quadratic action for type IIB supergravity on AdS 5 ϫS 5 recently obtained in ͓40͔ and the covariant equations of motion of ͓41-43͔. Just as it was in the case of cubic couplings of three scalars s I ͓12͔, to get rid *On leave of absence from Steklov Mathematical Institute, of higher-derivative terms we will have to redefine the original gravity fields. Thus the fields entering the final action correspond not to descendants of CPOs but to extended operators involving products of CPOs and their descendants. However, we expect that for generic values of conformal dimensions of these operators, their three-point functions coincide with the three-point functions of the corresponding descendants of CPOs. Let us note in passing that the only way to find an action depending on the fields that correspond directly to CPOs and their descendants seems to be to derive the action starting from the covariant action of ͓44,45͔. In this way one probably should obtain a nonvanishing cubic couplings of scalars s I corresponding to CPOs whose conformal dimensions satisfy the relation ⌬ 1 ϩ⌬ 2 ϭ⌬ 3 . These cubic terms seem to be of the form suggested in ͓28͔. Unfortunately, the lack of covariance of the gauge-fixed action of ͓44,45͔ makes the analysis extremely complicated.
The paper is organized as follows. In Sec. II we suggest the operators that correspond to the scalars s I from ͓12͔. In Sec. III we recall equations of motion for the graviton and the four-form potential, and the quadratic actions for the fields under consideration, and introduce notations. In Sec.
IV we obtain cubic couplings of two scalars s I with a scalar t I , and with scalars I coming from the graviton on the sphere, and calculate their three-point functions by using results obtained in ͓7͔. In Sec. V cubic couplings of two scalars s I with symmetric second rank tensor fields are derived and the corresponding three-point functions are found. In Sec. VI we obtain cubic vertices of two scalars s I and a vector field, and calculate their three-point functions. Note that threepoint functions of two scalars with a massive vector field, or a massive symmetric second rank tensor, were not considered in the literature before. In the Conclusion we discuss the results obtained, and open problems. In the Appendix we recall the definitions of scalar, vector and tensor spherical harmonics.
II. EXTENDED CHIRAL PRIMARY OPERATORS
In this section we recall the definition of chiral primary operators and introduce a notion of extended chiral primary operators.
According to ͓12͔, CPOs have the form
where
are totally symmetric traceless rank k orthonormal tensors of SO(6):
are scalars of SYM 4 , and :A 1 •••A n : means the normalordered product of the operators A i . The two-and three-point functions of CPOs computed in free theory are ͓12͔
͑3͒
where 
͑5͒
Namely for the scalars sЈ I the cubic couplings mentioned above vanish. Because of the redefinition ͑5͒ new scalars sЈ I do not transform with respect to the superconformal group in a proper way, and, therefore, cannot correspond to CPOs.
From the computational point of view these cubic couplings have to vanish because if, say, k 1 ϩk 2 ϭk 3 then the three-point function ͑3͒ is nonsingular at xϭy, but gravity calculations with a nonvanishing on-shell bulk cubic coupling always lead to a function singular at xϭy, xϭz and yϭz. By the same reason we expect that n-point functions of operators corresponding to scalars sЈ I ͓with an additional field redefinition which is required to remove higher-2 Strictly speaking this correspondence between CPOs and scalars s I may be valid only at linear order in supergravity fields. The reason is that the local supersymmetry transformations of supergravity fields are nonlinear, and, one should expect that the induced superconformal transformations are nonlinear too. Thus the original gravity fields seem to depend nonlinearly on fields with the linear transformation law. 
where C 
does not vanish, and gives exactly the same function as in Eq. ͑3͒. However, these operators will require a further modification to be consistent with all n-point functions computed in the framework of the AdS-CFT correspondence. In general, an extended CPO is the sum of a CPO and non-chiral composite operators which are normal-ordered products of CPOs and their descendants. Nevertheless, we expect that in the large N limit an n-point function of extended CPOs coincides with n-point functions of CPOs for generic values of conformal dimensions of the operators. As we will discuss in the following sections a similar modification is required for operators corresponding to other supergravity fields.
III. EQUATIONS OF MOTION AND QUADRATIC ACTIONS
To obtain cubic couplings of two scalars s I with other type IIB supergravity fields it is sufficient to consider only the graviton and the four-form potential. To this end we apply the method of ͓12͔, and use the covariant equations of motion ͓41-43͔ and the quadratic action for type IIB supergravity on AdS 5 ϫS 5 ͓40͔. The equations of motion of the 4-form potential and the graviton are
Here M ,N, . . . ,ϭ0,1, . . . 9 and we use the following notations:
i.e., all antisymmetrizations are with ''weight''1. The dual forms are defined as 01 . . . 9 ϭͱϪG; e 01 . . . 9 ϭϪ 1
In the units in which the radius of S 5 is set to be unity, the AdS 5 ϫS 5 background solution looks as
where a,b,c, . . . and ␣,␤,␥, . . . are the AdS and the sphere indices respectively and i j is the 4-dimensional Minkowski metric. We represent the gravitational field and the 4-form potential as
Then the self-duality equation ͑7͒ decomposed up to the second order looks as f Ϫ f *ϩT (1) ϩT͑h, f *͒ϩT͑h͒ϭ0.
͑10͒
Here we introduced the following notations:
Decomposing the Einstein equation ͑8͒ up to the second order, we get
and we introduce a notation
In Eqs. ͑10͒-͑14͒ and in what follows indices are raised and lowered by means of the background metric, and the covariant derivatives are with respect to the background metric, too. The gauge symmetry of the equations of motion allows one to impose the de Donder gauge:
This gauge choice does not remove all the gauge symmetry of the theory, for a detailed discussion of the residual symmetry see ͓26͔. As was shown in ͓26͔, the gauge condition ͑15͒ implies that the components of the 4-form potential of the form a ␣␤␥␦ and a a␣␤␥ can be represented as follows:
It is also convenient to introduce the dual 1-and 2-forms for a abcd and a abc␣ :
Then the solution of the first-order self-duality equation can be written as
The quadratic action for physical fields of type IIB supergravity was found in ͓40͔. To write down the action we need to expand fields in spherical harmonics, and make some fields redefinition. We begin with the scalar fields b and ϵh ␣ ␣ . Expanding them into a set of scalar spherical harmonics
and making the fields redefinition ͓12͔
we write the quadratic actions for the scalars s I and t I in the form
Now we expand the graviton on AdS 5 in scalar spherical harmonics
and make the following shift of the gravitational fields:
Then the zero mode ab 0 ϵ ab describes a graviton on AdS 5 with the standard action
and the action for the traceless symmetric tensor fields ab k has the form
͑25͒
As was shown in ͓26͔ the fields ck c are nondynamical and vanish on shell at the linearized level.
Expanding vector fields h a␣ and a␣ into a set of vector spherical harmonics
and making the change of variables ͓26͔
we present the actions for the vector fields in the form
Finally, expanding the graviton on the sphere in tensor harmonics
we write the action for the scalars k in the form
͑29͒
4 We often denote I 1 as k and a similar notation for other fields.
IV. CUBIC COUPLINGS OF SCALARS
The aim of this section is to find the cubic couplings of the scalar fields t k and k with a pair of scalars s k . This can be achieved by finding the quadratic contribution of the scalars s k to the equations of motion for t k and k respectively with a subsequent reconstruction of the corresponding Lagrangian vertex.
A. Cubic couplings of t k
Since t k appear as the mixture of fields k and b k we begin by considering the equations of motion for these fields. Restricting in Eq. ͑13͒ indices M and N to the sphere and taking into account the gauge conditions ͑15͒, ͑16͒ we find that Einstein equation ͑13͒ results in
where a a ϭh a a ϩ 3 5 in accordance with Eq. ͑22͒. Note that we have omitted all the linear terms that are projected out under the projection onto the spherical harmonics ٌ (␣ ٌ ␤) Y I or Y I and accounted only for the quadratic terms that contain after the field redefinition ͑19͒ and ͑22͒ two scalars s k . In particular the scalars s k appear after redefinition ͑22͒ for the gravitational field h ab .
Equation ͑30͒ implies then the following two equations:
that are obtained by decoupling from Eq. ͑30͒ the trace part. Projecting Eq. ͑31͒ onto ٌ ␣ ٌ ␤ Y I one can solve it for a a and substituting the result in Eq. ͑32͒ obtain the close equation for and b.
According to ͓26͔ the second equation involving the fields and b is found by considering the component of the self-duality equation ͑10͒ involving one sphere and four AdS indices, and the component with five AdS indices. In our case these components read as 
B. Cubic couplings of k
To find equations of motion for the fields k coming from the graviton on the sphere we again consider Eq. ͑13͒ for the indices M ϭ␣, Nϭ␤:
where this time all the linear terms that are projected out under the projection on Y (␣␤) were omitted. Introducing the notation p 123 ϭٌ͐
and projecting both sides of the last equation on Y (␣␤) we get an equation for :
Finally leaving on the RHS only the contribution of the scalars s k we obtain
Performing again a shift of I to get rid of the derivative terms one arrives at
Taking into account the normalization of the quadratic action for k we can read off the corresponding vertex S ss :
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C. Three-point functions
Recall that two-and three-point correlation functions of operators O ⌬ in a boundary conformal field theory corresponding to scalar fields on AdS are given by ͓7͔
where 123 is given by
and ⌬ 1 ϭ 1 2 (⌬ 2 ϩ⌬ 3 Ϫ⌬ 1 ). Here 123 stands for the coupling of scalar fields ͑that is a doubled interaction vertex for the fields we consider͒ and denotes the normalization constant of their quadratic action. Taking into account that a scalar t I 3 ( I 3 ) corresponds to a YM operator O ⌬ 3 with the conformal weight ⌬ 3 ϭk 3 ϩ8 (⌬ 3 ϭk 3 ϩ4), we, therefore find correlation functions of two extended CPOs with this operator. The constant 123 reads for both cases as follows:
Taking into account the normalization of the two-point functions one can introduce the normalized extended CPO ͓12͔:
as well as the normalized gauge theory operator corresponding to scalar t k :
and to scalar k :
With these formulas at hand we can finally write down the normalized constants:
Here we used explicit expressions for a 123 and p 123 from the Appendix.
V. CUBIC COUPLINGS OF SECOND RANK TENSORS WITH S I

A. Cubic couplings
Clearly the coupling of the symmetric second rank tensor (ab) k with a pair of scalars s k can be found by studing the corrected equation of motion for (ab) k . The most simple way consists however in finding the equations of motion for the field s k corrected by the quadratic terms each containing one field (ab) k and s k . This is explained by noting that the field (ab) k is transverse on-shell and therefore the interaction term, being in the latter case a Lorentz scalar does not contain derivatives acting on (ab) k . As a consequence the additional shift needed to get rid of derivative terms is not required.
Since the field s k appear as the mixture ͑19͒ of and b, the equation for s k again follows from the system ͑31͒-͑34͒. Clearly this time Eqs. ͑31͒ and ͑32͒ read as 
͑43͒
Omitting the straightforward but lengthy algebraic manipulations we write down the final answer for the Lagrangian vertex describing the interaction of the symmetric second rank tensor (ab) with scalars s I :
where G I 1 I 2 I 3 is found to be
B. Three-point functions
Denote by T i j I the operator in SYM of the conformal weight ⌬ G ϭkϩ4 that corresponds to the AdS field (ab) . To compute the three-point correlation function of this operator with extended CPOs in the boundary conformal field theory one needs the bulk-to-boundary propagator for the field (ab)
I
. In principle this can be extracted from the momentum space results of ͓24͔. In the case of three-point correlators it is however more convenient to deal directly with the x-space propagator.
Recall that the linearized equations of motion for (ab)
Now one can easily check that the following function:
is the bulk-to-boundary Green function for Eq. ͑44͒. Here E i j,kl denotes the traceless symmetric projector:
is a bulk-to-boundary propagator for a scalar field corresponding to an operator of conformal dimension ⌬:
͑46͒
and J ab (x)ϭ␦ ab Ϫ2(x a x b /x 2 ). Note that function ͑45͒ satisfies the transversality condition ٌ a G abi j ϭ0. The normalization constant (⌬ G ϩ1)/(⌬ G Ϫ1) in Eq. ͑45͒ is fixed by requiring the corresponding solution of Eq. ͑44͒ to reproduce correctly the boundary data in the limit 0 →0. In the case of vanishing AdS mass Eq. ͑45͒ turns into the graviton bulk-to-boundary propagator ͓8͔.
Having discussed the propagator for (ab) we come back to the three-point correlator that now reads as
By the conformal symmetry this correlator is defined up to the normalization constant ␤ 123 :
This constant is then found by explicit evaluation of integral ͑47͒:
Substituting here the normalization constants and G I 1 I 2 I 3 we finally find
The two-point correlation function of the YM operator T i j corresponding to the symmetric second rank tensor field (ab) was computed in ͓24͔
Therefore, introducing the normalized operator
one obtains the correlation function of two normalized CPO's and T i j I with the constant ␤ 123 norm :
where the explicit expression for a 123 was used. Note that the variable ␣ 3 completely dissappeared from the final answer.
VI. CUBIC COUPLINGS OF TWO SCALARS s I
WITH VECTOR FIELDS
A. Cubic couplings
To obtain cubic couplings of two scalars s I with vectors fields we need equations of motion for the vector fields up to the second order. The equations of motion for the vector fields a ␣ can be derived from the following components of the self-duality equation:
͑51͒
From the definition of f we have
Here we omitted all terms dependent on the components of the 4-form potential of the form a ab␣␤ which are not relevant for the cubic couplings under consideration. From the definition of the tensors T ͑11͒ we can easily see that
ϭT͑h, f *͒ ␣␤abc ϭT͑h ͒ ␣␤abc ϭ0, if we keep only terms which may give a contribution to the cubic couplings. Thus Eq. ͑51͒ does not get relevant quadratic corrections, and, therefore,
Taking into account Eq. ͑52͒ and formulas ͑11͒ for the tensors T, one can rewrite Eq. ͑50͒ in the form
Here we have omitted all terms that are projected out under the projection onto Y ␣ . Expanding all the fields in spherical harmonics and using Eqs. ͑19͒-͑23͒, we obtain equations of motion for the vector fields a 
The equations of motion for vector fields A and C are linear combinations of the two above and can be written in the form
where V may be either A or C, and the constants D, E, F are antisymmetric with respect to the permutation of the indices 1 and 2. We can remove the higher-derivative terms from the equation by means of the following field redefinition: Then Eq. ͑56͒ acquires the form
͑58͒
A straightforward calculation of the constants v gives 
Taking into account the normalization of the quadratic actions ͑27͒ and ͑28͒, we get the corresponding cubic terms
B. Three-point functions
Denote by R i I 3 the operator in SYM that corresponds to V i I 3 on the gravity side. Then the three-point function of two scalars and a vector field is given by the integral
Here K ⌬ (,x ជ ) with ⌬ϭk is a bulk-to-boundary propagator ͑46͒ for s I and G ai (,x ជ ) is a bulk-to-boundary propagator for a massive vector field V a I 3 with a mass m(V):
where J ab (x)ϭ␦ ab Ϫ2(x a x b /x 2 ). In the last formula ⌬ v ϭ2ϩͱ1ϩm 2 (V) and, thus ⌬ v ϭkϩ2 for the field A a I and ⌬ v ϭkϩ6 for C a I . Note that G ai obeys the transversality condition ٌ a G ai ϭ0. The condition of the conformal covariance defines the correlator ͑65͒ uniquely up to the coefficient 123 :
Applying the inversion method of ͓7͔ to integrate Eq. ͑65͒ one finds for 123 the following answer:
For the field A I the last formula reads as
while for C I :
The two-point correlator corresponding to a massive vector field on the AdS space was found in ͓10͔:
where the constant accounts our normalization of the quadratic action for the vector fields and is equal to ϭ͓4N 2 /(2) 5 ͔͓(kϩ1)/2(kϩ2)͔ for the field A and to ϭ͓4N 2 /(2) 5 ͔͓(kϩ3)/2(kϩ2)͔ for C, respectively. We introduce a normalized operator R i I with the two-point correlation function
Explicitly R i I is given by
for the YM operator corresponding to A a I and
for C a I . By using these formulas, the definition ͑39͒ of the normalized CPO, and the expression for t 123 from the Appendix, one gets the correlation functions of normalized operators
VII. CONCLUSION
In this paper we obtained the cubic couplings in type IIB supergravity on AdS 5 ϫS 5 involving two scalar fields s I and the corresponding three-point functions by using the covariant equations of motion and the quadratic action. Since all the fields we considered correspond to operators which are descendants of CPOs, one may, in principle, derive the same results directly from the superconformal invariance. This would require a detailed study of superconformal Ward identities in SYM 4 which, to our knowledge, has not been carried out yet.
In most cases to find a cubic coupling of two scalars s I with a field F we used a corrected equation of motion for the field F. We saw that to get rid of higher-derivative terms we had to make a field redefinition of the form ͑5͒. By this reason, a field F corresponds not to a descendant of a CPO, but to a properly extended operator which includes products of CPOs. In fact one can obtain the cubic couplings by using corrected equations of motion for scalars s I as it was done in the case of the graviton couplings. We have done that to derive the cubic couplings of two scalars s I with the scalars I , and with the vector fields, and we have certainly obtained the same results ͑36͒ and ͑62͒. The fact that we derived the same vertices from different equations also confirms the correct normalization of the quadratic action for type IIB supergravity ͓40͔. It is worth noting that contrary to the graviton case considered in Sec. V, in these cases to remove higherderivative terms from the corrected equations of motion for s I we had to make the following redefinitions of the scalars s I : This implies that the extended CPOs corresponding to the scalars s I that were discussed in Sec. II have to depend on products of CPOs and their descendants. Unfortunately, the knowledge of the three-point functions obtained in the paper does not allow one to fix the explicit form of the extended CPOs uniquely.
It is worth noting that the cubic couplings of three scalars s vanish when any of the ␣Јs vanish ͓12͔. The cubic couplings studied in this paper vanish if ␣ 3 takes special values, and in most of the cases there are several such values of ␣ 3 . Since ␣ 1 and ␣ 2 have to be non-negative the cubic couplings have no zeros at ␣ 1 and ␣ 2 . However, in all of the threepoint functions considered zeros of the cubic couplings are cancelled by poles in the general expressions for the threepoint functions, just as in the case of the three-point functions of extended CPOs. This gives us a reason to believe that for generic values of conformal dimensions the threepoint functions obtained coincide with the three-point functions of CPOs and their descendants.
The next natural step is to find quartic couplings of scalars s I , and to compute four-point functions of extended CPOs. We expect that the quartic couplings vanish if, say, k 4 ϭk 1 ϩk 2 ϩk 3 , because in this case there is no exchange diagram, and all contributions to the four-point functions may be given only by the quartic couplings. However, the four-point functions in this case are nonsingular at x ជ 1 ϭx ជ 2 , and it seems to be impossible to reproduce such a coordinate dependence via supergravity with a nonzero on-shell quartic coupling. Finally, it would be interesting to find the supergravity fields that correspond to CPOs, and to compute their cubic couplings. A similar problem exists in the case of AdS compactifications of 11-dimensional supergravity, where analogous cubic couplings ͓46,47͔ also have zeros. In the 11-dimensional case the problem seems to be simpler because the covariant action is known.
where the tensor C mn;i 1 . . . i k
